The stability problem associated with an Euler-Bernoulli beam made of an arbitrary linear viscoelastic material is formulated. The three parameter and the Kelvin-Voigt models are analyzed in the presence of constant as well as periodic loads. The application of a finite time stability concept is shown for the constant loading case when the traditional stability criterion fails to make sense. For the case of a periodic loading, the stability diagrams are obtained through an application ofFloquet theory. It is found that the addition of periodic loads may significantly alter the stability behavior of a column which is originally subjected to a constant load only.
INTRODUCTION
The study of systems governed by a set of ordinary differential equations with periodic coefficients is of great importance in diverse branches of science and engineering. The stability and response under various excitations are the key issues discussed in the vast amount of classical literature available on this subject. Numerous practical applications can be found in the areas of quantum mechanics, dynamic stability of structures, circuit theory, systems and control, and dynamics of rotating systems, among others. Here, we have focused our attention on the stability analysis of an Euler-Bernoulli perfect column made of an arbitrary linear viscoelastic material that is subjected to both constant and periodic axial forces. Such columns are routinely found in service in mining, oil production and offshore drilling units: the dead weight of the supported structure accounts for the constant axial forces and the operating forces arising from rotating machinery such as pumps, drilling equipment, etc. account for the periodic axial forces.
Many researchers in the past have focused their attention on the concepts of buckling and stability of columns. When a slightly bent column is exposed to axial loads in the presence of creep, lateral deflections will increase with time. Under certain conditions and after a certain elapsed time during which deflections continually increase, collapse of column can occur. This buckling is called "creep buckling". The time to collapse is called critical time. In this case the creep bucking problem involves the evaluation of critical times rather than critical loads. A noteworthy reference on this subject is the paper by Hoff [1] . 57
Although, in this paper, viscoelastic materials have not been mentioned as such, a few developments involving the dynamic criterion of stability are included towards the end of the paper. At about the same time the stability of inelastic columns was also discussed by Drucker [2] . A method of viscoelastic stress analysis using elastic solutions was proposed in reference [3] . The application of a numerical technique for the large deflection analysis of a cantilever beam using a quasi-elastic approximation is also included in reference [3] . Around this time, Rabotnov and Shesterikov [4] proposed a new stability criterion based on a dynamic point of view and investigated both columns and plates by starting from a creep theory based on the strain hardening hypothesis. Here, they assumed that a typical colu~n under consideration is initially perfect and is subjected to no eccentricity of loadIng. The stability of a column at an instant is defined as follows: a column is stable, if and only if the expression for deflection does not include terms which increase exponentially during a small interval just after the application of the load. Hence, here the critical time is defined as the limit of stable states. Kempner [5] was the first to develop a general quasi-static equation of creep bending of a viscoelastic beam loaded laterally and axially. The mechanical properties of the viscoelastic material were characterized by four parameters. Kempner's analysis of the creep deflections of a simply supported column with an initial sinusoidal deviation from straightness resulted in the observation that the deflections tend to become unbounded with time, for loads higher than the Euler load. For the applied loads less than the Euler load, the deflections remained bounded for finite times. The study of the deflection-time curves indicated that the deflections could increase very rapidly with time for end loads near the Euler critical load. Later, Kempner [6] extended the analysis to a non-linear viscoelastic model.
Since the early work of Kempner, various stability criteria, analysis techniques and constitutive equations representing the material have been either used or proposed for studying viscoelastic columns. Also, in addition to the simplifying assumptions put forth with regard to the constitutive equations for the viscoelastic material, numerous approximate solution techniques have been used. At this stage it is worth mentioning that the adjacent equilibrium criteria, a method which is very popular in static structural analysis, may not be readily applied to the stability analysis of a column made of a linearly viscoelastic material. Instead, a dynamic approach, which is independent of the classical equilibrium concept, is most useful.
Several methods have been used to study stability of systems with periodic coefficients. These include Hill's method [7] [8] [9] [10] , the perturbation method [7, 9, 11, 12] , the averaging approach [7, 9] and the Floquet theory with numerical integration [13] [14] [15] [16] [17] [18] [19] . It is well known that Hill's method is not very convenient for digital computation, especially if one has to deal with systems having a large number of degrees of freedom. This has also been pointed out by Friedman in a recent review article [17] . The perturbation methods have their own limitations due to the fact that they can only be applied to systems in which the periodic coefficients can be expressed in terms of a small parameter. An even greater problem with perturbation theory is that the series may not converge, and convergence itself is difficult or impossible to prove. The averaging techniques too have similar drawbacks. This paper is organized as follows. First the governing equation for a perfect column made of an arbitrary linear viscoelastic material, subjected to both constant and periodic loads, is derived. Next, the stability conditions of the column are determined for (i) a constant load and (ii) the combination of constant and periodic loads. We make use of the Floquet theory with numerical integration in the latter case. Results are included for a three-parameter model and the Kelvin-Voigt model. 
FORMULAnON OF THE PROBLEM
Consider a simply supported perfect column, subjected to an axially applied load F(t), which can change with time (see Figure 1) . The equation of motion of the column can be wriHen as
where w(x, t) denotes the lateral deflection, M(x, t) is the bending moment and .A is the mass per unit length of the column. The boundary conditions are
(1)
At this point it is noted that the mathematical description of the mechanical behavior of a linear viscoelastic material (i.e., the stress-strain relation) has the form [20] PO" = Qf,
where P and Q are differential operators given by
Note that Po can always be set equal to unity. Application of operator P on both sides of equation (1), and use of the Euler-Bernoulli moment curvature relationship for small deflections, gives 
By treating F = Fo + FI cP(t), where Fo and FI are constant amplitudes and cP(t) is periodic, equation (6) 
Equation (7) can be reduced further for the different models, as shown in the following paragraphs. 
THREE-PARAMETER MODEL
For the three-parameter model shown in Figure 2 , the constitutive equation takes the form (J + p,a = qO£. + q,E, (8) where,
The equation governing the column motion can be written, from equation (7), as
KELVIN-VOIGT MODEL
The constitutive equation for the Kelvin-Voigt model is
where qo= E2 and ql = v2. The governing equation of motion for the column is
SIMPLE ELASTIC CASE
The stress-strain relation is
where qo = E2. The equation of motion for the column is
Since tP(t) is periodic, it is always possible to expand it in a Fourier series; however, for simplicity we choose tP(t) = cos Dt in this paper.
DYNAMIC ANALYSIS OF THE THREE-PARAMETER MODEL
For this problem, the solution can readily be expressed as
Substituting in equation (9), we obtain
where we have defined the following new variables: If EI = E2 = E = ql /PI, then A = 21l. Notice that the coefficients of equation (15) are periodic in time.
CONSTANT AXIAL LOAD
When only a constant load Fo is applied to the column, equation (15) reduces to
It is a simple task to use the Routh-Hurwitz criterion on equation (16) Furthermore, it is assumed that the column is disturbed laterally by a sinusoidalvelocity field such that
This implies that
Equation (17) is a cubic polynomial in s and one can readily verify the existence of a real positive root (SI) and a pair of complex conjugate roots r :tj-r [21] . In view of this, the general solution of equation (16) can be written as V. Figure 3 is a plot of T(t) from equation (18) for various values of time in days, which is identical to Figure 3 of reference [22] . From this figure, it may be noticed that the response decreases to a minimum at a certain time, and then starts to grow and become unbounded as time t tends to infinity.
Application of "finite time stability" concept
From the analysis presented in section 3.1, it is clear that the classical stability criterion does not make much sense for such problems if Fo> Fe/2. In view of this, it becomes necessary to redefine stability notions in terms of the response measures of the system. Therefore, it is logical to utilize the concept of "finite time stability" (or short time stability), which has already been discussed by several authors [23] [24] [25] . Basically, a system is "finite time stable" if a suitable norm of its response remains within a certain specified bound during a given time of observation. In the following, a theorem guaranteeing sufficient conditions for "finite time stability" is recorded. It is shown that such a theorem can be a very useful tool for the dynamic analysis of a viscoelastic column. Consider the system of linear differential equations 
where
2[A] denotes the eigenvalues of the matrix [A].
The proof can be found in reference [23] . In the following section the application of this theorem to the three-parameter model is illustrated.
Application to the three-parameter model
equation (16) values of Fo/Fe. Even though we have an inequality sign in Definition I, if we choose DC = II~(O)II, then at best P= 1I~(t)ll.In fact, it is the equalitysignwhichprovidesthe bound on the response during computation rather than the inequality sign. Hence, from Definition 1,
and inequality (20) yields
where (from Definition 1) When the constant and periodic axial loads are acting simultaneously, the coefficients of equation (15) are periodic functions of time. For this situation, the stability conditions are obtained through an application of the Floquet theory. A brief review of this is presented below.
Review of Floquet theory
Consider the linear periodic system
where~is an n vector and [A(t)] is an (n x n) matrix of principle period (, such that
Let [t/J(t)]be a fundamental matrix solution of equation (26); i.e., a non-singular matrix each of the columns of which is an independent solution of equation (26) such that (28) where [G] is a constant matrix.
[t/J(O)] = [I], the identity matrix. Then it is known that [t/J(t)]satisfiesequation (26), and [t/J(t + 0] = [t/J(t)][(G)],
We can also define a real number !Xi' which is the real part of the characteristic exponent, as
where Jli, the eigenvalues of [G], are called characteristic numbers which, in general, are complex. It is observed that matrix [G] may be obtained directly from equation (28) as
These results may be summarized as follows. 
Computation of the Floquet Transition Matrix using standard numerical codes
The Floquet Transition Matrix (FTM) is the state transition matrix, say of dimension (n x n), evaluated at the end of one period. Consequently, the state vector at the end of one period is the product of the FTM and the initial state. As discussed earlier, the FTM matrix [t/J(0] can be determined from the (n x n) matrix solution of the state equations, over one period, with the initial state as the identity matrix. Several standard numerical codes [17] [18] [19] have been used in the past for the computation of FTM. These numerical codes can be implemented in two different ways.
(1) In the N -pass scheme, the state equation is solved for discrete time values over one period, the solution being repeated n times for n initial states which comprise the columns of the (n x n) identity matrix. This approach is referred to as the N -pass scheme.
(2) In the single-pass scheme, the (n x n) FTM is computed in a single integration scheme as an (n2 x I) state vector, the (n2 . It is to be noted that the n original state equations must be reformulated before starting the integration. There are several advantages of the single-pass scheme over the N -pass scheme, although the modified state matrix is of dimension n2. The details are given in reference [19] .
Application of Floquet theory
We can rewrite equation (IS) in the form of equation (26) figure) . It was also observed that for Q~50 rad/s, the instability prevailed for all negative values of F, /Fe. It is to be pointed out that all these diagrams simply extend out for larger values of FI/Fe.
THE KELVIN-VOIGT COLUMN
Choosing w(x, t) in the form of equation (14) and substituting in equation (II), we obtain
where roois the natural frequency of the column. Notice once again that coefficients of equation (32) are periodic in time. This is someties also known as the damped Mathieu's equation [28] . is zero or very small. As seen from Figure 7 (e), these instability zones become more dominant as Q is increased further.
CONCLUSIONS
In this study, the stability behavior of a perfect Euler-Bernoulli column made of an arbitrary linear viscoelastic material was examined. Both constant and periodically varying loads were considered. In particular, a three-parameter model and the Kelvin-Voigt columns were analyzed in detail and the stability diagrams were presented in the parameter space. For a three-parameter model under a constant load, it is found that for A.= 2/1the column is stable for Fa/Fe<!, where Feis the Euler buckling load for the elastic case. Since for Fa/Fe>!, the traditional stability criterion fails to make sense, an alternative definition based on the "finite-time stability" concept was suggested. The stability bounds obtained using this criteria provide reasonable results when compared to the exact solutions. In the presence of periodic axial loading, the three-parameter column can be stable even if Fo/Fe>! for the right combination of Fl/Fe and the excitation frequency Q. Similar characteristics were observed for the Kelvin-Voigt column. Such behavior is expected due to the periodic nature of the loading. Furthermore, it is noted that the Kelvin-Voigt model under the periodic loading gives rise to a reciprocal system, while the three-parameter model does not. It is anticipated that the study presented in this paper may lead to an improved design of viscoelastic columns for practical installations.
